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Abstract
Given two xed graphs X and Y , the (X; Y )-intersection graph of a graph G is a graph
where
1. each vertex corresponds to a distinct induced subgraph in G isomorphic to Y , and
2. two vertices are adjacent i the intersection of their corresponding subgraphs contains an
induced subgraph isomorphic to X .
This notion generalizes the classical concept of line graphs since the (K1; K2)-intersection graph
of a graph G is precisely the line graph of G.
Let L(B) (L(B), respectively) denote the family of line graphs of bipartite graphs (bi-
partite multigraphs, respectively), and refer to a pair (X; Y ) as a 2-pair if Y contains exactly
two induced subgraphs isomorphic to X . Then L(B) and L(B), respectively, are the small-
est families amongst the families of (X; Y )-intersection graphs dened by so called hereditary
2-pairs and hereditary non-compact 2-pairs. Furthermore, they can be characterized through for-
bidden induced subgraphs. With this motivation, we investigate the properties of a 2-pair (X; Y )
for which the family of (X; Y )-intersection graphs coincides with L(B) (or L(B)). For this
purpose, we introduce a notion of stability of a 2-pair and obtain the desired characterization for
such stable 2-pairs. An interesting aspect of the characterization is that it is based on a graph
determined by the structure of (X; Y ). c© 2001 Elsevier Science B.V. All rights reserved.
1. Introduction
Line graphs are a fundamental concept in graph theory. Recall that in the line graph
L(G) of a graph G= (V; E), the vertex set of L(G) is E and two vertices in L(G) are
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adjacent i their corresponding edges in G share a vertex. This idea of representing
the adjacency relation on edges by an adjacency relation on vertices can be extended
to capture various intersection relations amongst induced subgraphs in a graph. Indeed,
one such generalization of line graphs has been studied by the present authors [3].
Denition 1.1. For any two xed graphs X and Y , the (X; Y )-intersection graph of a
graph G, denoted IX;Y (G), is a graph in which
1. each vertex corresponds to a distinct copy 4 of Y in G, and
2. two vertices are adjacent i the intersection of their corresponding copies contains
a copy of X .
From this denition, it is clear that the (K1; K2)-intersection graph of G is precisely
the line graph of G.
Given X and Y , a graph is an (X; Y )-intersection graph if it is isomorphic to the
(X; Y )-intersection graph of some graph G. A pair (X; Y ) of xed graphs is called a
2-pair if Y contains exactly two distinct copies of X . If, in addition, every vertex of Y
is contained in at least one copy of X , then (X; Y ) is a compact 2-pair. A pair (X; Y )
is hereditary if every induced subgraph of an arbitrary (X; Y )-intersection graph is also
an (X; Y )-intersection graph. For any family F of graphs, (X; Y ) is an F-generator
(or a generator for F) if the family of (X; Y )-intersection graphs equals F.
Line graphs admit elegant characterizations. In particular, Beineke [1] gave the for-
bidden induced subgraph characterization (sc) for the family L(G) of line graphs
of simple graphs, Chartrand [4] and Hedetniemi [5] independently obtained the sc
for the family L(B) of line graphs of bipartite graphs, Bermond and Meyer [2]
established the sc for the family L(G) of line graphs of multigraphs, and Cai
et al. [3] provided the sc for the family L(B) of line graphs of bipartite multi-
graphs. A diagram summarizing the scs of these four families of graphs can be found
in [3].
In light of the forbidden induced subgraph characterizations of these four families,
it is natural to ask for which 2-pairs (X; Y ) do the (X; Y )-intersection graphs have
scs and in particular, which 2-pairs generate L(G), L(G), L(B) or L(B). Note
that we may restrict our attention to hereditary pairs, since only for such pairs do
(X; Y )-intersection graphs have scs. In fact, the present authors showed in [3] that
these four families play a pivotal role in the study of hereditary 2-pairs. In particular,
it was shown that no 2-pair can generate a graph that is not in L(G) and that the
hereditary 2-pairs that generate L(G) can be characterized. Furthermore, no compact
2-pair can generate a graph that is not in L(G) and again the hereditary 2-pairs that
generate L(G) can be characterized.
This \largest-element" role played by L(G) and L(G) is not unexpected; however,
it is rather surprising to see that L(B) and L(B) play a \smallest-element" role. In
particular, for every hereditary 2-pair (X; Y ), regardless of the choice of X and Y , the
4 A copy of a graph H is an induced subgraph that is isomorphic to H .
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Fig. 1. Containment relations amongst (X; Y )-intersection graphs for hereditary 2-pairs. An arrow from one
family to another indicates that the former contains the latter. The denition of a reexive 2-pair is given
in Section 2.
family of (X; Y )-intersection graphs always contains L(B); furthermore, the family of
(X; Y )-intersection graphs contains L(B) i (X; Y ) is non-compact. Fig. 1 illustrates
the relations between (X; Y )-intersection graphs and the four families L(G), L(G),
L(B) and L(B), and also gives a generator for each family.
The special \smallest-element" role played by L(B) and L(B) motivates our
study in this paper of 2-pairs that generate L(B) or L(B). For this purpose, we
introduce a notion of stability of a 2-pair. Interestingly, for any 2-pair that is stable,
we can use a graph of constant size (depending on X and Y only) to determine
whether it is possible for the pair to be a generator for L(B) or L(B). Based
on this, we obtain characterizations for stable 2-pairs that are L(B)-generators or
L(B)-generators. We will also present three innite families of L(B)-generators
and L(B)-generators.
2. Preliminaries
For this paper to be self-contained, we summarize in this section the denitions and
results in [3] that we will use. To facilitate the study of (X; Y )-intersection graphs, the
following notation was introduced in [3]:
Denition 2.1. Given a 2-pair (X; Y ), the (X; Y )-containment multigraph of a graph
G, denoted CX;Y (G), is a multigraph where
1. each vertex corresponds to a distinct copy of X in G,
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2. each multiedge corresponds to a distinct copy of Y in G, and
3. a vertex is incident with a multiedge i the copy of X corresponding to the vertex
is contained in the copy of Y corresponding to the multiedge.
It is easy to see that when (X; Y ) is a compact 2-pair, an (X; Y )-containment multi-
graph becomes an (X; Y )-containment graph. As observed in [3], there is a fundamental
relation between (X; Y )-containment multigraphs and (X; Y )-intersection graphs:
Proposition 2.2. For any 2-pair (X; Y ) and any graph G; the (X; Y )-intersection graph
of G equals the line graph of the (X; Y )-containment multigraph of G.
Therefore, for any 2-pair (X; Y ), IX;Y (G) is isomorphic to the line graph of some
multigraph; and for any compact 2-pair (X; Y ), IX;Y (G) is isomorphic to the line graph
of some graph.
For a 2-pair (X; Y ), the subgraph of Y induced by all vertices in the two copies
of X is the body of (X; Y ), the union of the two copies of X forms the skeleton of
(X; Y ), and the intersection of the two copies of X in Y is called the kernel of (X; Y ).
A pair (X; Y ) realizes a multigraph H if there exists a graph whose (X; Y )-containment
multigraph contains H as a partial subgraph. A 2-pair (X; Y ) is reexive if in the
skeleton S of (X; Y ), there is an isomorphism  from one copy of X to the other
such that (v) = v for every vertex v in the kernel K of (X; Y ). We use CX;Y and
IX;Y , respectively, to denote the family of (X; Y )-containment multigraphs and the
family of (X; Y )-intersection graphs. We also denote the family of bipartite graphs
by B and the family of bipartite multigraphs by B. The following propositions are
from [3].
Proposition 2.3. Let B be the body of a non-compact 2-pair (X; Y ). Then (X; Y )
realizes an arbitrary multigraph H i (X; B) realizes the simple graph obtained from
H by removing all duplicate edges.
Proposition 2.4. For any 2-pair (X; Y ); CX;Y contains only simple graphs i (X; Y ) is
compact.
Proposition 2.5. For any reexive 2-pair (X; Y ); IX;Y has a sc i either IX;Y=L(G)
or IX;Y =L(G).
Proposition 2.6. For any 2-pair (X; Y ); IX;Y L(G) i (X; Y ) is compact.
Proposition 2.7. For any hereditary 2-pair (X; Y ), L(B)IX;Y .
Proposition 2.8. For any hereditary 2-pair (X; Y ); L(B)IX;Y i (X; Y ) is non-
compact.
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Fig. 2. Bondings of two graphs.
3. Stable 2-pairs
We begin with the denition of a stable 2-pair.
Denition 3.1. A 2-pair (X; Y ) is stable i in the skeleton S of (X; Y ), any isomorphism
 from one copy of X to the other maps the kernel K of (X; Y ) to K itself (i.e., K is
setwise xed under ); it is unstable i it is not stable.
The notion of a stable 2-pair is better understood by considering the following
\bonding" operation. Let G and G0 be two disjoint graphs. Let H and H 0, respectively,
be induced subgraphs of G and G0 such that there is an isomorphism  from H to
H 0. Then an (H;H 0;)-bonding of G and G0 is a graph constructed from G and G0 by
identifying each vertex v in H with its image (v) in H 0 (see Fig. 2, for examples).
We will also refer to this operation as the bonding of G0 and G through H and H 0
(with respect to ); when H 0 and  are not germane in the discussion, we will simply
refer to \the bonding of G0 and G through H".
Given a 2-pair (X; Y ), a subgraph J of X is a joint (with respect to Y ) if one can
bond two copies of X through J to get a graph isomorphic to the skeleton of (X; Y ).
See Fig. 3 for examples, where X has a unique joint J whereas X 0 has two dierent
joints J1 and J2. It turns out that a stable 2-pair (X; Y ) can be characterized by the
number of joints in X .
Proposition 3.2. A 2-pair (X; Y ) is stable i X has a unique joint (with respect
to Y ).
Proof: If X contains two dierent joints J1 and J2, then we can bond a copy X1 of X
with X through J1 to get a copy S1 of the skeleton S of (X; Y ), and bond a copy X2 of
X with X through J2 to get another copy S2 of S. Let  be an isomorphism from S1
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Fig. 3. A stable 2-pair (X; Y ) and an unstable 2-pair (X 0; Y 0).
to S2. Then either (1) (X1)=X and (X )=X2, or (2) (X1)=X2 and (X )=X . In
both cases, (J1) = J2. Since S1= S, we only need to construct an isomorphism from
X1 to X that does not x J1. In case (1),  restricted to X1 is an isomorphism from
X1 to X such that (J1)= J2, implying that (X; Y ) is unstable. In case (2), let  be an
arbitrary isomorphism from X1 to X . If (J1) 6= J1, then (X; Y ) is unstable and we are
done. Otherwise, (J1) = J1. Then (X1) = (X ) = X and (J1) = (J1) = J2 6= J1.
Thus,  is an isomorphism from X1 to X which does not x the kernel of (X; Y ),
and hence (X; Y ) is unstable.
Conversely, suppose that (X; Y ) is unstable. Let X 0 be one copy of X in Y , and let
X1 be the other copy of X in Y . Then there is an isomorphism  from X1 to X 0 such
that (K) = K 0 6= K , where K = X1 \ X 0 is the kernel of (X; Y ). Clearly K is a joint
of X 0. We claim that K 0 is also a joint of X 0. Intuitively, we can regard X 0 as X1,
K 0 as K , and bond a copy of X to X 0 through K 0 in the same way that X 0 is bonded
to X1 through K . Formally, let X2 be a new copy of X , and let  be an isomorphism
from X2 to X 0. Then K 00 =  −1(K) is a subgraph in X2 isomorphic to K 0. Let G be
the (K 00; K 0; )-bonding of X2 and X 0. Note that  rst maps K 00 to K then to K 0.
It remains to be shown that G= S = X1 [ X 0. Dene a mapping  from V (G) to
V (S) as follows:
(v) =

−1(v) if v is in X 0;
(v) if v is in X2 − X 0:
Then note (K 00) = ( −1(K)) = (K 0) = −1(K 0) = K . It is easy to check that  is
an isomorphism from G to S, and hence K 0 is another joint of X 0. This completes the
proof.
4. Characterizations of L(B)- and L(B)-generators
In this section we provide characterizations of stable 2-pairs that are L(B)- or
L(B)-generators. For this purpose, we may restrict our attention to non-reexive
2-pairs, since reexive pairs cannot be L(B)- or L(B)-generators (Proposition 2.5).
Let (X; Y ) be a stable and non-reexive 2-pair. Then by Proposition 3.2, X has a
unique joint J . Let   = f0; 1; : : : ; g be the automorphism group of J , where 0 is
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Fig. 4. Graphs  (X; Y ) and 	(X; Y ), where   = f0; 1; 2; 3g.
the identity permutation. Remember that each permutation i in   corresponds to an
automorphism of J . Construct a graph  (X; Y ) as follows (see Fig. 4 for an example):
Take a copy X0 of X and then for each permutation i 2 , 16i6, create a new
copy Xi of X and bond it (with respect to i) to X0 through the unique joint of X0.
We will refer to the joint of X0 in the above construction as the common joint of
 (X; Y ). Dene another graph 	(X; Y )= (V	; E	), called the 	-graph of (X; Y ), from
 (X; Y ) by letting V	 = fX0; X1; : : : ; Xg and XiXj 2E	 i Xi [ Xj is isomorphic to the
skeleton (rather than Y itself) of (X; Y ). See Fig. 4 for an example. Dene a stable
2-pair to be even-stable i 	(X; Y ) is bipartite. As we will see shortly, graph 	(X; Y )
plays a very important role in determining whether a stable 2-pair is an L(B)- or
L(B)-generator.
Proposition 4.1. For any stable 2-pair (X; Y ); CX;Y B i (X; Y ) is non-reexive
and even-stable.
Proof: We assume that all subscript operations in the proof use modulo arithmetic.
If CX;Y B, then by Proposition 2.5 (X; Y ) is non-reexive. It remains to be shown
that 	(X; Y ) is a bipartite graph. Suppose to the contrary that 	(X; Y ) contains an odd
cycle. Then in graph  (X; Y ), there is a subset fX 00 ; : : : ; X 0n−1gfX0; : : : ; Xg with n
odd such that for each 06i<n, X 0i [ X 0i+1= S, where S is the skeleton of (X; Y ). Let
J be the common joint of  (X; Y ) and let H 0i = X
0
i − V (J ). Since each H 0i is disjoint
from H 0j whenever i 6= j, we can add edges between H 0i and H 0i+1 so that the subgraph
126 L. Cai et al. / Discrete Mathematics 230 (2001) 119{131
induced by V (X 0i ) [ V (X 0i+1) in the resulting graph is isomorphic to the body B of
(X; Y ). Thus (X; B) realizes an odd cycle. If (X; Y ) is compact, then it realizes an odd
cycle since Y =B; otherwise it is non-compact and, by Proposition 2.3, (X; Y ) realizes
an odd cycle too. Therefore (X; Y ) realizes an odd cycle, contradicting CX;Y B.
Conversely suppose that (X; Y ) is non-reexive and even-stable. We need to show
that for any graph, its (X; Y )-containment multigraph is bipartite. Suppose to the con-
trary that there is a graph G such that CX;Y (G) contains an odd cycle x0x1 : : : xl−1x0.
For each xi, let Xi be its corresponding copy of X in G. Then there is a distinct copy
of Y that contains Xi and Xi+1. Since (X; Y ) is stable, X0; : : : ; Xl−1 share a common
kernel K . Let G0=
Sl−1
i=0 Xi. Then it is easy to see that G
0 can be constructed from X0
by bonding X1; : : : ; Xl−1 to the unique joint J0 of X0. Therefore, each Xi corresponds to
a permutation of the vertices in J0, which is an automorphism on J0. Construct a graph
H from G0 by taking fX0; X1; : : : ; Xl−1g as the vertex set of H and letting XiXj be an
edge of H i Xi [Xj is isomorphic to the skeleton S of (X; Y ). Since Xi [Xi+1= S for





where fX 00 ; : : : ; X 0k−1gfX0; : : : ; Xl−1g.
For any X 0i in Z , let i be its corresponding permutation of the vertices in J0. We
claim that for any two vertices X 0i and X
0
j (i 6= j) in Z , i 6= j. Suppose to the contrary
that i = j for some i; j. By the assumption that (X; Y ) is non-reexive, we deduce
that j 6= i−1; i+1 since X 0i−1X 0i and X 0i X 0i+1 are edges in H . Since i=j, X 0j would be
adjacent to both X 0i−1 and X
0
i+1, contradicting Z being a chordless odd cycle. Therefore
i 6= j. This implies that H is actually a subgraph of 	(X; Y ), which in turn implies
that 	(X; Y ) contains an odd cycle, a contradiction. Hence CX;Y (G) is bipartite. This
completes the proof.
In a similar fashion, we can use Proposition 2.4 and the above argument to determine
for which (X; Y ) 2-pairs we have CX;Y B.
Proposition 4.2. For any stable 2-pair (X; Y ); CX;Y B i (X; Y ) is compact; non-
reexive and even-stable.
Now we can use the above two results to characterize stable 2-pairs that are L(B)-
or L(B)-generators.
Theorem 4.3. A stable 2-pair (X; Y ) is an L(B)-generator i it is non-reexive;
non-compact; even-stable and hereditary.
Proof: Suppose that (X; Y ) is non-reexive, non-compact, even-stable and hereditary.
Then by Proposition 4.1, CX;Y B; and by Proposition 2.2, we have IX;Y L(B).
By Proposition 2.8, we have L(B)IX;Y . Therefore IX;Y =L(B), and thus (X; Y )
is an L(B)-generator.
Conversely, suppose that (X; Y ) is an L(B)-generator. Then (X; Y ) is clearly here-
ditary since L(B) is hereditary. By Proposition 2.8, (X; Y ) is non-compact. It remains
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Fig. 5. Graphs F14 and F16.
to be shown that (X; Y ) is non-reexive and 	(X; Y ) is bipartite. By Proposition 4.1,
we need only show CX;Y B. Let G be an arbitrary (X; Y )-containment multigraph.
Then L(G)2IX;Y (by Proposition 2.2). Notice that G contains an odd cycle of length
k>5 i L(G) contains an induced odd cycle of length k. Since IX;Y =L(B), we
can deduce that G does not contain any odd cycle of length at least ve. We claim
that G contains no triangle either. Suppose to the contrary that G contains a triangle
T . Then there is a graph H whose (X; Y )-containment multigraph is isomorphic to G.
Let X1 be a vertex in T ; then X1 is an induced subgraph of H which is isomorphic to
X . Construct a new graph H 0 from H by taking a copy X 01 of X1, and for each vertex
v0 of X 01 joining it to each vertex in V (H)− V (X1) to which the corresponding vertex
v of v0 in X1 is adjacent. Then in the (X; Y )-containment multigraph G0 of H 0, vertices
of T together with X 01 induce a subgraph which contains the diamond graph (graph
F14 in Fig. 5) as a partial subgraph, since X 01 is adjacent to at least two vertices in T .
This contradicts the assumption that (X; Y ) is an L(B)-generator, since IX;Y (H 0) =
L(G0)2L(B) and L(F14)=F16, which is a forbidden induced subgraph of L(B).
So G contains no triangles either. Therefore CX;Y B, and thus by Proposition 4.1,
(X; Y ) is non-reexive and even-stable.
Theorem 4.4. A stable 2-pair (X; Y ) is an L(B)-generator i it is non-reexive;
compact; even-stable and hereditary.
Proof: The proof is similar to that of Theorem 4.3. Suppose that (X; Y ) is non-reexive,
compact, even-stable and hereditary. Then by Proposition 4.2, CX;Y B; and by
Proposition 2.2, we have IX;Y L(B). On the other hand, we have L(B)IX;Y
by Proposition 2.7. Therefore IX;Y =L(B), and thus (X; Y ) is an L(B)-generator.
Conversely, suppose that (X; Y ) is an L(B)-generator. Then (X; Y ) is clearly hered-
itary since L(B) is hereditary. It follows from Proposition 2.6 that (X; Y ) is compact
as IX;Y = L(B)L(G). It remains to be shown that (X; Y ) is non-reexive and
	(X; Y ) is bipartite. By Proposition 4.2, we need only show CX;Y B. Let G be an
arbitrary (X; Y )-containment multigraph. As in the proof of the previous theorem, we
can deduce that G does not contain any odd cycle of length at least ve. Furthermore,
if G contains a triangle T , then there is a graph H 0 so that CX;Y (H 0) contains the
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Fig. 6. Graphs R6; S6; T6 and T6 .
diamond graph (graph F14 in Fig. 5) as a partial subgraph. This contradicts (X; Y )
being an L(B)-generator, since L(F14)=F16, which contains F14, a forbidden induced
subgraph of L(B), as an induced subgraph. So G contains no triangle either. Therefore
CX;Y B, and thus by Proposition 4.2, (X; Y ) is non-reexive and even-stable.
From the above two theorems, we deduce the following interesting and surprising
results.
Corollary 4.5. For any non-reexive; non-compact; and even-stable 2-pair (X; Y );
IX;Y has a sc i IX;Y =L(B).
Corollary 4.6. For any non-reexive; compact; and even-stable 2-pair (X; Y ); IX;Y
has a sc i IX;Y =L(B).
5. Examples of L(B)- and L(B)-generators
We now present some examples of L(B)- and L(B)-generators. Let u; v and w
be three consecutive vertices of a cycle Cn, n>4. Construct four graphs from Cn as
follows (see Fig. 6 for an example):
Rn: add a new vertex x and two edges xu and xv to Cn;
Sn: add a new vertex y and two edges yv and yw to Rn;
Tn: add edge xy to Sn; and
T n : add a new vertex z and two edges xz and zy to Sn.
It is easy to verify that (Rn; Sn) and (Rn; Tn) are stable 2-pairs for every n>4, and
(Rn; T n ) is a stable 2-pair for every n>5. We also notice that the kernels and skeletons
of (Rn; Sn), (Rn; Tn) and (Rn; T n ) are isomorphic to Cn and Sn, respectively.
Proposition 5.1. For every n>4; (Rn; Sn) (likewise (Rn; Tn)) is an L(B)-generator i
n is even; and for every n>5; (Rn; T n ) is an L(B
)-generator i n is even.
Proof: We consider (Rn; Tn) rst. As indicated earlier, (Rn; Tn) is stable for n>4.
From the denitions of graphs  (Rn; Tn) and 	(Rn; Tn), we can easily see that, for
n>4, (Rn; Tn) is even-stable i n is even (note that 	(Rn; Tn) is homomorphic to Cn).
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Fig. 7. The construction of G for (a) (R6; T6), (b) (R6; S6) and (c) (R6; T6 ).
Therefore, the necessity follows from Theorem 4.4. For the suciency, it follows from
Proposition 4.2 that CRn;Tn B since (Rn; Tn) is compact, non-reexive and even-stable
for all even n>4. Thus IRn;Tn L(B) (by Proposition 2.2). It remains to be shown
that L(B)IRn;Tn .
Let H=(U; V ;E) be an arbitrary bipartite graph with bipartition fU; Vg. We construct
a graph G from H such that CRn;Tn(G)=H as follows (see Fig. 7(a) for an example):
1. Take the cycle Cn on n vertices, and let u; w; v be three consecutive vertices of Cn;
and
2. take graph H and for every vertex x2U , connect x with u and w, and for every
vertex y2V , connect y with v and w.
To see that CRn;Tn(G)=H , we observe the following facts.
1. An induced subgraph of G is a copy of Rn i its vertex set contains all vertices of
Cn and exactly one vertex in U [ V ;
2. the vertex set of any copy of Tn consists of V (Cn) and two vertices x2U and
y2V ; and
3. for any two vertices x2U and y2V , G[V (Cn) [ fx; yg]= Tn i xy2E.
It should be clear from the above three facts that CRn;Tn(G)=H . Thus, by Proposition
2.2, we have IRn;Tn(G)= L(H). From this we deduce L(B)IX;Y . Therefore, (Rn; Tn)
is an L(B)-generator for any even integer n>4.
The proof for (Rn; Sn) is almost identical to that for (Rn; Tn) except for the construc-
tion of G. Let H 0 = (U; V ;E0) be the bipartite graph constructed from H by letting
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Fig. 8. Two unstable 2-pairs where (X; Y ) is an L(B)-generator but (X 0; Y 0) is not.
xy2E0 i xy 62E for all x2U and y2V . Then the construction of the graph G for
which CRn;Sn(G)=H is the same as that for (Rn; Tn) except that H 0 is used as H in
the construction. See Fig. 7(b) for an example. Note that for any two vertices x2U
and y2V , G[V (Cn) [ fx; yg]= Sn i xy 62E0, i.e., xy2E.
For (Rn; T n ), we rst note that (Rn; T

n ) is non-compact. So H is an arbitrary bipartite
multigraph. Then by an argument similar to that for (Rn; Tn) and by Proposition 4.1,
we have IRn;Tn L(B). The proof that L(B)IRn;Tn is again similar to that for
(Rn; Tn) except that in the construction of G, every edge in H will be subdivided by
a vertex, i.e., each edge will be replaced by a path with two edges (see Fig. 7(c) for
an example). This completes the proof.
6. Concluding remarks
Motivated by the special smallest-element role played by L(B) and L(B), we
studied the properties of 2-pairs that are L(B)- or L(B)-generators. In particular, we
characterized hereditary stable 2-pairs that are L(B)- or L(B)-generators by using
	-graphs to capture the distinctive features of such 2-pairs. However, the situation
for unstable 2-pairs is much more complicated, and the structural dierence is quite
elusive between those that are L(B)- or L(B)-generators and those that are not (see
examples in Fig. 8).
There are also fundamental questions regarding \smallest element" amongst families
of (X; Y )-intersection graphs. For general hereditary k-pairs 5 with k>3, it is unknown
whether there exist families that serve the \smallest-element" role as played by L(B)
and L(B) for 2-pairs. Furthermore, once we drop the hereditary condition, it is not
even clear if there is a \smallest element" amongst families of (X; Y )-intersection graphs
dened by 2-pairs.
5 A pair (X; Y ) is a k pair if Y contains exactly k distinct copies of X .
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